For an affine, toric I Q-Gorenstein variety Y (given by a lattice polytope Q) the vector space T 1 of infinitesimal deformations is related to the complexified vector spaces of rational Minkowski summands of faces of Q. Moreover, assuming Y to be an isolated, at least 3-dimensional singularity, Y will be rigid unless it is even Gorenstein and dim Y = 3 (dim Q = 2). For this particular case, so-called toric deformations of Y correspond to Minkowski decompositions of Q into a sum of lattice polygons. Their KodairaSpencer-map can be interpreted in a very natural way. We regard the projective variety IP (Y ) defined by the lattice polygon Q. Data concerning the deformation theory of Y can be interpreted as data concerning the Picard group of IP (Y ). Finally, we provide some examples (the cones over the toric Del Pezzo surfaces). There is one such variety yielding Spec I C[ε]/ ε 2 as the base space of the semi-universal deformation.
In [Al 2] we were interested in describing toric deformations of Y . They are defined as those deformations (i.e. flat maps f : X → S endowed with an isomorphism f −1 (0 ∈ S) ∼ = Y ) such that the total space X together with the embedding of the special fiber Y ֒→ X are toric.
Toric deformations are "really existing" deformations -in the sense that they admit reduced (even smooth) base spaces. Moreover, we conjecture that (in case of isolated singularities Y ) the semi-universal deformation of Y is toric over each irreducible component of the reduced base space. (This is true for dim Y = 2 and also for examples of higher dimension.)
Toric deformations always arise as relative deformations of Y inside a greater affine toric variety X containing Y as a relatively complete intersection. More strictly speaking, Y ⊆ X is defined by a so-called toric regular sequence x On the other hand, each toric regular sequence can be regarded as a flat map X → I C m by itself. This m-parameter deformation of Y is called the standard toric deformation induced by the given sequence.
It is possible to compute the Kodaira-Spencer-map ̺ : I C m → T 1 Y corresponding to these standard toric deformations. Then, the first observation is that ̺ maps the i-th canonical basis vector e i ∈ I C m into the homogeneous piece T The main result of [Al 2] is a complete combinatorial description of those standard toric deformations that are induced by strongly homogeneous toric regular sequences. They arise from certain Minkowski decompositions of affine slices (induced byr ∈ M) of the cone σ (cf. (3.1) of the present paper).
( 1.2)
The aim of this paper is to apply the previous results to the special case of toric I Q-Gorenstein singularities. On the one hand, this notion is the next one if we are looking for a wider class than that of complete intersections (which yields no interesting deformation theory). On the other hand, the property " I Q-Gorenstein" admits a very clear description in the language of toric varieties and convex cones:
In general, the dualizing sheaf ω on a Cohen-Macaulay variety is defined as (i) ω P := Ω dim P P (sheaf of the highest differential forms) if P is smooth, and Since toric varieties are normal, the dualizing sheaf can be obtained as the push forward of the canonical sheaf on its smooth part. Hence, in our special situation, ω Y equals the T (orus)-invariant complete fractional ideal that is given by the order function mapping each fundamental generator onto 1 ∈ Z Z (cf. Theorem I/9 in [Ke] ).
In particular, we obtain the following
be an affine toric variety given by a cone σ = a 1 , . . . , a N . (The fundamental generators a i are assumed to be primitive elements of the lattice that is dual to M.) Then, Y is I Q-Gorenstein, if and only if there is a primitive element R * ∈ M and a natural number g ∈ IN such that
Y is Gorenstein if and only if g = 1, in addition.
(1.3) Affine toric varieties of dimension two are always I Q-Gorenstein. The deformation theory of these varieties (the two-dimensional cyclic quotient singularities) is well known. For instance, T 1 Y and the number and dimension of the components of the reduced base space of the semi-universal deformation have been computed (cf. [Ri] , [Ar] , [Ch] , [St] ). Therefore, our investigation concerns the case of Y being smooth in codimension 2.
, which is smooth in codimension 2. Denote by Q the lattice polyhedron Q := Conv(a 1 , . . . , a N ). Then, we obtain the following results:
(1) The graded pieces of T 1 Y equal the vector spaces of Minkowski summands of certain faces of Q (cf. Theorem (2.7)).
(2) For the special case of an isolated singularity Y this implies:
-If Y is Gorenstein (i.e. g = 1) and at least 4-dimensional, then Y will be rigid.
-Let Y be a 3-dimensional Gorenstein singularity given by a plane, convex N-gon Q. Then, T 1 Y is concentrated in the single degree −R * , and it equals to the (N − 3)-dimensional vector space of Minkowski summands of Q. (1.4) Let us assume, for a moment, that the semi-universal deformation is, indeed, toric over each component of the reduced base space S red . Then, the absence of proper lattice summands of Q would mean that S is only 0-dimensional.
On the other hand, this is possible even for Y admitting a non-trivial T 1 Y (which equals the tangent space of S). In (4.4.3) we will give a (three-dimensional) example of this phenomenon: The base space S is a point with non-reduced structure, i.e. each deformation is obstructed.
is given by a lattice polytope Q (σ = Cone(Q)). On the other hand, each lattice polytope Q induces a projective toric variety (defined by the inner normal fan) endowed with an ample line bundle O(1). We call this the polar variety of Y -denoted by IP (Y ). Then, the cone P (Y ) over the embedded projective variety IP (Y ) equals the affine toric variety which is given by the cone dual to that of Y .
In §4, we interprete data of the deformation theory of 3-dimensional Y as data concerning divisors on the varieties IP (Y ) or P (Y ) \ {0}. Assuming Y having only an isolated singularity we obtain the following relations:
(5) Toric m-parameter deformations of Y correspond to splittings of O IP (Y ) (1) into a tensor product of m + 1 invertible sheaves that are nef.
(1.6) Acknowledgement: I am grateful to Duco van Straten for computing several semi-universal deformations on the computer (using Macaulay). Moreover, I want to thank Bernd Sturmfels for his special lecture concerning the cone of Minkowski summands and the Gale transform of a given polytope. Let M, N be free Z Z-modules of finite rank -endowed with a perfect pairing ., . :
Denote by M IR and N IR the corresponding vector spaces (dual to each other) obtained via base change with IR.
Let σ = a 1 , . . . , a N ⊆ N IR be a top-dimensional, rational, polyhedral cone with apex. The fundamental generators a i ∈ N are assumed to be primitive elements of the lattice N.
Denote by E ⊆ ∨ σ ∩M the minimal (finite) set that generates the semigroup
For a fixed element R ∈ M the homogeneous piece of degree −R can be computed as
L(set) := IR-vector space of all linear dependences between its elements).
(2) If Y is smooth in codimension 2 (i.e. if all 2-dimensional faces a i , a j < σ are spanned by a part of a Z Z-basis of the lattice N), then with
we obtain the second formula
is a hyperplane in N IR that subdivides the set of fundamental generators of σ. H − , H, and H + contain the elements a i meeting the properties a i , R ≤ 0, a i , R = 1, and a i , R ≥ 2, respectively. Let us assume that the latter class of generators is not empty.
To use the second T 1 -formula of the previous theorem, we fix a map
Now, assume that we are given an element
The set of these special generators a i is connected by 2-dimensional faces of σ. Moreover, by slightly disturbing R inside M IR , we can find a unique a * among these edges on which R is maximal. Then, each a i ∈ H + is connected with a * by an R-monotone path (consisting of 2-faces of σ) inside H + . Now, we can use the previous method of cleaning the components of v once more -the steps from a i to a ϕ(i) are replaced by the steps on the path from a i to a * . It remains an N-tuple v which is non-trivial at most at the a * -place. On the other hand, the components of v sum up to 0, but this yields v = 0. 2 (2.4) If a i , R ≤ 1 for every i ∈ {1, . . . , N}, then equality holds on some face τ < σ. Now, τ is a top-dimensional cone in the linear subspace τ − τ ⊆ N IR , and
can be obtained as the image of R as well as of
Lemma: In general (even the I Q-Gorenstein assumption can be dropped) let τ < σ be a face such that a i , R ≥ 1 for a i ∈ τ and a i , R ≤ 0 otherwise. Then,
In the special situation discussed previously this means T
Proof: The formula of Theorem (2.2)(1) remains true if E is replaced by an arbitrary (not necessarily minimal) generating subset of σ ∨ ∩ M -even a multiset could be allowed. Hence, for computing T 1 Yτ (−R * τ ) we can use the imageĒ of E under the projection
For a i ∈ τ , the corresponding setsĒ i ⊆Ē coincide with the images of the subsets E i . For a i / ∈ τ , the notionĒ i does not make sense, and the E i are empty, anyway. It remains to show that the canonical map
is an isomorphism.
The vector space τ ⊥ is generated by τ ⊥ ∩ ( a i ∈τ E i ). Hence, by choosing a basis among these elements, we can embed τ ⊥ into IR τ ⊥ ∩(∩τ E i ) to obtain a section of
In particular, we obtain
(2.5) Let Q = Conv(a 1 , . . . , a N ) be a K-polytope contained in some K-vector space A A (K = I Q or IR). It can be described by inequalities
corresponding to the facets of Q. 
Finally, denoting the set of all fundamental generators of
Now, each Minkowski summand Q ′ of a scalar multiple of Q is given by inequalities
This definition is correct and depends on the translation class of Q ′ only. Moreover, scalar multiples of Q yield the zero class.
On the other hand, the translation classes of Minkowski summands of scalar multiples of Q form a convex polyhedral cone which contains "Q" as an interior point. Dividing by the relation "Q = 0" yields a K-vector space which we will call the vector space of Minkowski summands of scalar multiples of Q. It has one dimension less than the cone of Minkowski summands.
Theorem: (cf. [Sm] ) The map ̺ induces an isomorphism between the vector space of Minkowski summands of scalar multiples of Q and the vector spaceT 1 (Q).
Remark: The constructions made in (2.5) do not depend on the linear, but on the affine structure of A A.
(2.6) Lemma: Let Y be an affine toric Gorenstein variety induced from a lattice polytope Q. Then, the vector space T 1 Y (−R * ) equals the complexified vector spaceT 1 (Q) ⊗ I C of (rational or real) Minkowski summands of scalar multiples of Q (modulo translations and scalar multiples of Q itself).
Proof: We will use the first T 1 -formula of Theorem (2.2). For the special degree −R * the sets E i equal
In particular, they contain the sets F i constructed above. We obtain a natural linear map
and it remains to prove that θ is an isomorphism.
Let s ∈ E ′ ⊆ ∂σ ∨ be an element that is not a fundamental generator of ∨ σ. Then, there is a minimal face α < σ ∨ containing s (as a relatively interior point), and we can choose some fundamental generators s 1 , . . . ,
In particular, the second summand can be reduced in the expression for T Theorem:
(2) Let τ < σ be a face of σ, then T
Y vanishes in the remaining degrees.
(2.8)
With the same assumptions as in (2.7) we obtain the following applications of the previous theorem: (2) If Y is Gorenstein (g = 1) of dimension at least 4 (dim Q ≥ 3), then the existence of a 2-face of Q that is not a triangle implies dim
Proof: (1) If Q is shaped that every 2-face is a triangle, then every (at least 2-dimensional) face of Q will have this property, too. On the other hand, Smilanski has shown that polytopes with only triangular 2-faces admit at most trivial Minkowski decompositions (cf. [Sm] , Corollary (5.2)), i.e.T 1 = 0. Moreover, faces of dimension smaller or equal than 1 of Q cannot be non-trivially decomposed, anyway. 
Hence, τ < σ must be a proper face, and we can argue as in (2). 2 (2.9) Finally, we want to mention the case dim Y = 3. Then, Y is an isolated singularity, and it is given by a lattice N-gon Q.
Case1: Y is not Gorenstein (i.e. g ≥ 2). Then, Y is rigid. (This follows from (3) of the corollary in (2.8).)
Case 2: Y is Gorenstein (i.e. g = 1). Then, T 1 Y is concentrated in degree −R * , and
(The proper faces of Q are Minkowski indecomposable. Hence, to produce a nontrivial contribution to T 1 Y , the face τ in Theorem (2.7)(2) has to equal σ. That means, T 1 Y is concentrated in degree −R * only. On the other hand, for computing the dimension of T 1 Y (−R * ) =T 1 (Q) in our special case, use the second formula of Theorem (2.2).) 3 Really existing deformations of toric Gorenstein singularities (3.1) As in the previous chapter, we start with recalling the general result concerning arbitrary affine toric varieties. We use the notations of (2.1).
Letr ∈ ∨ σ ∩M be a primitive element. Then, each (strongly homogeneous) toric regular sequence of degree −r and its corresponding standard deformation of Y arise in the following way: By choosing an arbitrary base point 0 ∈ IL the pair (A A, IL) can be regarded as a vector space with lattice. Moreover, we obtain an isomorphism of lattices
(ii) Q := σ ∩ A A is a (not necessarily compact) rational polyhedron in A A. Fix a Minkowski decomposition Q = R 0 + . . . + R m such that for each vertex of Q at least m of its m + 1 R i -summands (which are uniquely determined vertices of the polyhedra R i ) are contained in the lattice IL.
(iii) Define P ⊆ A A × IR m+1 as the convex polyhedron
, and Y is equal to the special fiber of the corresponding (flat) map
(The proof can be found in §4 of [Al 2].)
Remark: (1) The assumption that the degree −r has to be a primitive element of the lattice M is not essential. However, the description of the corresponding toric regular sequences becomes slightly more complicated in the genaral case (cf. §3 of [Al 2]) -and we do not need it in the present paper.
(2) The previous method yields deformations of degrees contained in −(σ ∨ ∩ M) only. Nevertheless, T 1 can be non-trivial in other degrees, too.
(3.2) As a direct consequence we obtain Theorem: Let Y be an affine toric Gorenstein variety induced from a lattice polytope Q. Then, toric m-parameter deformations of degree −R * correspond to Minkowski decompositions of Q into a sum Q = R 0 + . . . + R m of m + 1 lattice polytopes. The Kodaira-Spencer-map maps the parameter space I C m onto the linear subspace
Proof: (A A, IL) defined in (i) of the previous theorem is exactly that affine space containing our polytope Q. Moreover, Q coincides with the polyhedron Q := σ ∩ A A defined in (ii). Since Q is a lattice polytope, the conditions for the summands R i (cf. (ii) of the previous theorem) are equivalent to the property of being lattice polytopes, too. Finally, the claim concerning the Kodaira-Spencer-map follows from the definitions of the maps ̺ and θ in (2.5) and (2.6), respectively, and from Theorem Proof: This is an immediate consequence of Theorem (3.2) and the fact that T 1 Y is concentrated in degree −R * (cf. (2.9)). Nevertheless, beeing a little more carefully, for this conclusion the following fact has to be used: Toric, regular sequences inducing a trivial Kodaira-Spencer-map always yield trivial (standard) deformations. This is proved in §6 of [Al 2]. 2 4 Polarity and Examples (4.1) We start with recalling some general facts concerning the relation be-tween lattice polytopes and projective toric varieties (cf. Chapter 2 of [Od] ).
Let Q ⊆ (A A, IL) be a lattice polytope. Then, the inner normal fan Σ induces a projective toric variety IP (Q), and Q itself corresponds to an ample line bundle on it.
Equivariant Weil divisors on IP (Q) are described by maps Σ
(1) h → Z Z. Modulo principal divisors, they generate the whole divisor class group Div(IP (Q)). Let D h be a Weil divisor on IP (Q).
(i) D h is Cartier if and only if, on each top dimensional cone α = c 1 , . . . , c k ∈ Σ, the map h can be represented as
(ii) A Cartier divisor D h is nef if and only if, moreover, h ≤ a α , • holds (for each top dimensional α ∈ Σ) on the whole 1-skeleton Σ (1) . Then, the elements a α form the vertex set of a polytope with inner normal cones containing the corresponding cones of Σ.
On the other hand, if Q ′ is a lattice polytope such that Σ is a subdivision of its inner normal fan (i.e. Q ′ is a Minkowski summand of a scalar multiple of Q), then we can use its vertices to define a map h(Q ′ ) : Σ (1) → Z Z via (i). We obtain a nef Cartier divisor D Q ′ on IP (Q) again. The divisor D Q ′ is even ample if and only if Q ′ and Q induce the same inner normal fan Σ. Equivalently, the elements a α yield different lattice points for different cones α.
Finally, we remark that variations by principal divisors correspond to translations of the polytopes by lattice vectors only.
(4.2)
Let Y be a 3-dimensional affine toric Gorenstein variety induced by a lattice polygon Q, let Y having an isolated singularity in 0 ∈ Y . Then, we call IP (Q) the polar variety of Y , it will be denoted by IP (Y ).
(I) Pic IP (Y ) equals the group generated by the lattice Minkowski summands of scalar multiples of Q. If we denote by O IP (Y ) (1) the ample line bundle corresponding to Q itself, then (2.9) tells us that
Let P (Y ) be the cone over (IP (Y ), O(1)). The pull back of O(1) is a principal divisor on P (Y ) \ {0}. Hence, Finally, we want to present a special class of examples. We are looking for those three-dimensional Y that are, additionally to the usual assumptions, cones over projective toric varieties. (Do not mistake this property for P (Y ) being the cone over IP (Y ).) In §4 of [Ba] it is shown that these Y can be characterized as the cones over twodimensional toric Fano varieties with Gorenstein singularities. (Then, P (Y ) admits the same property.)
The corresponding Q are exactly those lattice polygons containing one and only one interior lattice point ("reflexive polygons"). Choosing this point as the origin, the polar polygon Q ∨ := {r ∈ A A * | Q, r ≤ 1} is a lattice polygon, too. Then, ∨ σ= Cone(Q ∨ ), and Y is the cone over the projective variety corresponding to Q ∨ .
